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convergent double power series expansion

P’rehm.nary Examnatwn 55@ . .

Complex Analyszs
2002

Instructions: Do all problems. Show your work in order to receive ANY credit. The terms region and domain

mean the same thing. So do the terms complex analytic and holomorphic.

Problem 1: Sﬁppose f-is holomorphic in = region {2 that contains the closed unit disi: and |f(z)] <1 when
lz| = 1. How many fixed points (solitions to z = f(z)) must f have in the open unit disk A. : ‘

Problem 2: Suppose f is an entire funchion and there are constants A and B and a positive integer & so that

, [f(2)] < A+ Blz|f
for all z. Prove that f must be a polynomial

Problem 3: Compute (justifying your computations)

(3) fooco :L..Lm-& df‘c
(31) O Eﬂr«“f?_:iiﬁ : where ¢ > b > 0.

Problem 4: Suppose [ is holamorf)hic and pon-zero in the shmply connected domain .
(i) If n is any positive integer, prove that there exists a function g, holomorphic in £} and satisfying ¢* = f. -
(ii) How many holomorphic solutions does g° = f ‘have in a small disk about 0 if f(2) := 2%+ 16.

{31} Find the Taylor polynomial of degree § f@r the holomorphic solution g in part (i} for which #(0) e R

Problem 5: Suppose D is a region in C and H (D} denotes the space of functions which are holomorphic in D.

Let (f,) bea 1oca}ly bounded sequence in H (D) and f € H(D}. Assume

={z € D| lim f,(?) = f(z)}
has a lmit pomt in D. Show that there exists a subsequence of (fr) which converges to f uniformly on compax:t
subsets of .

Problem 8: In a domain 1) confaining 0, a function
' f : D — C ‘
_ | @y} = flzy) =ulzy) +i(zy)
is complex harmenic if both » and v are {real) harmonic in D. You may assume that f admits an absolutely

flz2) = Z Guri E ¢

el

and that i;he usual differentiation and ipi:egration rules for power series in oné variable are va,hd here.

(1) Under what CO}Jd‘[ﬁ"‘OBS on the coefﬁmen‘ss g I8 Fi hoiomprpblc n D?

(11) Umiex Whaf: cond:cf:mns on the coeﬁcmnts anm is f complex ha;cmomc m D‘? :” ;




