Study guide for Ph.D. Examination in Complex Analysis (Math 5120)

Holomorphic (analytic) functions:

(1) Statement of the Jordan curve theorem and the notion of simple rectifiable curves.
(2) The Riemann sphere.

(3) The Cauchy-Riemann equations.

(4) Power series and the disk of convergence.

(5)

5) Linear fractional (M&bius) transformations and conformal mappings.

Integration theory:

(1) Integration along simple rectifiable curves.

(2) The Cauchy-Goursat theorem.

(3) The Cauchy integral formula, Cauchy’s estimate.

(4) Morera’s theorem and the maximum principle.

(5) The Argument Principle, winding numbers and Rouche’s theorem.
(6) The residue theorem and its use in evaluating real-valued integrals.

Representation Theorems:

(1) Taylor and Laurent series.
(2) The maximum modulus theorem, Liouville’s theorem, and the fundamental theorem of algebra.
(3) Singularities and their classification.

Harmonic functions:

(1) The mean value theorem, the maximum principle.
(2) Their relation to holomorphic (i.e. complex analytic) functions.
(3) Harmonic conjugates.

Miscellaneous:

(1) The inverse function theorem.
(2) The Schwarz Lemma.

(3) The Schwarz reflection principle.
(4) Normal families.

(5) The Riemann mapping theorem.
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