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NOTATION

A) Spaces

• L 2(Rd), all square integrable functions.

• D(Rd), all cadlag functions.

• C (Rd,R), all continuous functions from Rd to R.

• C0(Rd,R), those functions in C (Rd,R) that vanish at infinity.

• C00(Rd,R), those functions in C (Rd,R) that have compact support.

B) General Operators

• L, M, L̂, M̂ : generators of a semigroup

• Pt, Qt, P̂t, Q̂t : the corresponding semigroups

C) Specific Operators

• L f (x) = ∇ · A(x)∇ f (x)

• L̃ f (x) = ∇ · Ã(x)∇ f (x)

• Lh f (x) = 1
h2

∑
z∈Zd

( f (x + hz) − f (x)) C x
h ,

x
h+z

• L̃h f (x) = 1
h2

∑
z∈Zd

( f (x + hz) − f (x)) C̃ε
x
h ,

x
h+z

• Semigroups: Pt = etL, P̃t = etL̃, Ph
t = etLh , P̃h

t = etL̃h

D) Markov Processes

• X(h)
t is the process on hZd with generator Lh.

• X̃(h)
t is the process on hZd with generator L̃h.

• Xt is the process on Rd with generator L.

• X̃t is the process on Rd with generator L̃.
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E) Dirichlet Forms
In general, EM( f , g) = −〈M f |g〉. In L 2(Rd, µ), the inner product is defined
as

〈 f |g〉 =
∫
Rd

f (x)g(x)dx

while in L 2(hZd, µh) it is defined as

〈 f |g〉 = hd
∑

x∈hZd

f (x)g(x).

Note the rescaling factor hd. Therefore, the various Dirichlet forms are

• E ( f , g) = −
∫

[∇ · A∇ f ](x) g(x) dx

• Ẽ ( f , g) = −
∫

[∇ · Ã∇ f ](x) g(x) dx

• E h( f , g) = 1
2 hd−2 ∑

x,z∈Zd
( f (x + hz) − f (x)) (g(x + hz) − g(x)) C x

h ,
x
h+z

• Ẽ h,ε( f , g) = 1
2 hd−2 ∑

x,z∈Zd
( f (x + hz) − f (x)) (g(x + hz) − g(x)) C̃ε

x
h ,

x
h+z

F) Our Standard Mollifier
For each ε > 0, we define a standard mollifier:

ηε(y) =
1
εd
η
(y
ε

)
where η is defined as follows:

η(y) =

cd exp
(

1
‖y‖2−1

)
if ‖y‖ < 1

0 otherwise

with cd chosen such that ‖η‖1 = 1.

G) Miscellaneous

• c is a positive constant for which the actual value does not matter and
can change from line to line. Sometimes an index will be added for
clarity.
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