Real Analysis Preliminary Exam, August 2021

Instructions and notation:

(1) Complete all problems. Give full justifications for all answers in the exam booklet.

(i1) Outer Lebesgue measure on R” is denoted by £*". Lebesgue measure on R” is denoted by L.

1.

(10 points) Let (X, A, u) be a finite measure space such that u(X) > 0 and let f : X — R be an A-measurable
function such that f(x) € (a, b) for u-a.e. x € X where a,b € R,a < b. Show that

au(X) < ffdu < bu(X).

(10 points) Let f : R" — (0, +o0) be a Lebesgue measurable function with |||,z = 1. Show that if £ C R" is
Lebesgue measurable with L*(E) € (0, o), then

f log f(x)dL"(x) < —L*(E) log(L(E)).
E

. (10 points) Let (X, A, 1) be a measure space. Let f,, f,g,,8 : X — R be A-measurable functions such that

fu» = f, &, — g in measure. Prove that if for all n € N,

sup |fn(x)] < 1 and sup|g,(x)| < 1,

xeX xeX

then f,g, — fg in measure.

. (10 points) Let f : R — R be a function. Suppose that there exists some C > 0 such that

|f(x) = fO)] < Clx —y| for all x,y € R.

1. Prove that L*!(f(A)) < CL(A) forall A Cc R.

2. Prove that f maps Lebesgue measurable sets to Lebesgue measurable sets.

. (10 points) Let (X, A, i) be a o-finite measure space and let f : X — [0, o) be an A-measurable function. Prove

that
fxf(x) du(x) = f{o )u({x €X: f(x)>yhdL' ).

. (10 points) Let f, f; : R" — R,i € N, be Lebesgue measurable functions and let g € L' (R). Show that if f;(x) > 0

foralli € N and x € R", f; — f pointwise and

20
fﬁdzj"sf g dL! forallieN,

then f(x) = 0 for L"-a.e. x € R".

. (10 points) Let (X, A, 1) be a measure space and let f,, f € L'(u),n € N, such that f, — f in L' (). Show that if

sup,c 1 fallzagy < oo then f € L2(u) and £, — f in L2 ().



