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1. Let T be a linear transformation between normed linear spaces X,Y.

(a) (10 pts) Show that T is continuous iff sup,, ||Tz,||ly < oo for every sequence z,, — 0 in X.

(b) (15 pts) Show that T is compact iff Tz, — 0 in Y whenever z,, — 0 in X.
2. Let operator A = u” + 4u.

(a) (10 pts) Find the Green’s function G of operator A subject to boundary conditions u/(0) = 0,
u(1l) =0.

(b) (5 pts) Find eigenvalues of A subject to the above boundary conditions.

(c) (15 pts) Let T': L?(0,1) — L?(0,1) be defined by

Tf(z) = / G (z,9) f(v)dy.

Show that T is compact and find ||T]| .
3. Let X,Y be normed linear spaces, D C X is open. f: D — Y is a mapping.

(a) ( 5 pts) State the definition of Fréchet derivative of f.
(b) (5 pts) Let X =Y = C[0,1] with sup-norm. Let v; € X, ¢; € [0,1] and f(z) = >, z* (t;) v;.
Prove that f is Fréchet differentiable at all 2 € X and find a formula for f’ (x).
4. Let K be a nonempty convex set in Hilbert space X.

(a) (5 pts) Prove the paralleogram identity 2|z||> + 2 ||yl|* = ||z — y|* + ||z + y||* for all 2,y € X.
(b) (5 pts) Show that there is a unique point in K which is closest to x. Denote this point by Px.

(¢) (5 pts) Show that R(x — Pz,v — Px) < 0 for any v € K. Here R(-,-) stands for the real part of
the inner product (-, ).

(d) (5 pts) Show that ||Pz — Py|| < || — y|| for any z,y € X.

5. (15 pts) Given U (z,y) = In ——. Find AU in the distributional sense.
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