Loss Models Prelims for Actuarial Students
Wednesday, Jan 11, 2023, 12:00 - 4:00 PM
MONT 313

Instructions:

1. There are five (5) questions here and you are to answer all five. Each question is worth 20
points.

2. Hand-held calculators are permitted.

3. Please provide details of your workings in the appropriate spaces provided; partial points
will be granted.

4. Please write legibly. Points will be deducted for incoherent, incorrect, and/or irrelevant
statements.

Question No. 1:

1
Suppose the claim severity X is given by X = v in which Y ~ ¢(0.01, 1), i.e., Y follows a uniform
distribution over (0.01,1).

(a) Calculate the mean and variance of X: E(X) and Var(X).

Consider a collective risk model S = 3™V, X;, in which N ~ PA(100) and X;’s are i.i.d.
having the same distribution as X above.

(b) Calculate the mean and variance of S: E(S) and Var(S).

(c) Using the normal approximation, calculate the following probability:

Pr(S > 1.25E(S)).

Question No. 2:

Let T denote the survival time of a patient after a major surgery and assume that 7' ~ U(0, 6), in
which 6 > 0 is a constant parameter.

We initiated a study at time 0 and observed that 5 patients are alive at time 3. Among these 5
patients, 3 of them passed away at time 5, 6, and 8, respectively, and 2 of them survived by time
10, at which the study ended.

Calculate the maximum likelihood estimate of 6.
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Question No. 3:

Individual loss amount X is being modeled as a distribution with density function given by

1
f(x) = 2(100)2xe(x/200)2,f0r x> 0.

(a) Find the cumulative distribution function of X.

(b) Use the result in (a) to prove the following expression:
1
E(X A k) = 200y/7 [cb(\/ik/zoo) _ 5} ,

where ®(-) is the cumulative distribution function of a standard normal.

(¢) An insurance policy on loss X has an ordinary deductible of 100. Calculate the loss elimi-
nation ratio and interpret this value.

(d) Now, suppose that loss amount increased due to inflation by 50% uniformly. For the same
insurance policy in (c), calculate the new loss elimination ratio after this inflation.

(e) Explain how inflation affected the loss elimination ratio.

Question No. 4:

For a portfolio of short-term insurance contracts, loss amount is modeled with a density function
given by
flz:\) = N2ze™*, >0, A>0.

A random sample of n loss amounts, x1, s, ..., T,, is used to estimate the parameter .
(a) Derive the maximum likelihood estimator of A.

(b) Use moment generating functions to show that ¥ = 2nAX, where X is the sample mean of
X1, Xs, ..., X,, has a chi-square distribution. State the degrees of freedom.

(c¢) Determine the Fisher information function, I(\), and use it to derive a formula for the
asymptotic variance of .

(d) A random sample of 10 loss amounts resulted in a sample mean of T = 358.

(i) Use the results in (b) to calculate an exact 95% confidence interval of A. For the correct
degrees of freedom in (b), the 2.5-th and 97.5-th percentiles of the chi-square distribution
are 24.433 and 59.342, respectively.

(ii) Use the results in (c) to calculate an approximate (asymptotic) 95% confidence interval
of A. The 97.5-th percentile of a standard normal is 1.96.

(e) Comment briefly on the comparison of these confidence intervals.
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Question No. 5:

(a) Consider two random variables X and Y with the following joint probabilities:

1

Pr(X=0,Y=0)=Pr(X=0,Y=3)=Pr(X=6,Y =6) = 3

Let X and Y denote the Esscher transform of X and Y, respectively. For instance, the
probability density function of X is then given by

e fx(v)

fe(x) = Ben] 0 P > 0.

Show that E[X] > E[Y] for the same p = 0.5.
(b) Consider two independent random variables U and V' with the following distributions:

0, with probability 3
and V = ¢ 1 with probability = .
1, with probability %

0, with probability

_ 1 . ey
U= 43, with probability
1, with probability

N TEE O TN T

Find a ¢ such that the subadditivity axiom fails for VaR, i.e.,
VaR(;(U) + VaR(;(V) < VaR(;(U + V)

For the above chosen 9, calculate the corresponding TVaR and comment on whether the
subadditivity holds.

end of exam ——
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APPENDIX

A random variable X is said to have a Gamma distribution with rate parameter a > 0 and shape
parameter b > 0 if its probability density function has the form

f(x) = %b)abxb_le_‘”, x> 0.

Its mean and variance are, respectively,
E[X] d Var[X] b
= - an ar| X | = —.
a a?

Note that when a = 1/2 and b = k/2, this results in a chi-square distribution with & degrees of
freedom.



Areas under the Normal Distribution Curve: P(Z < z)
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