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1. Let X be a normed linear space.

(a) (4 pts) State the definition of a sequence {xn} ⊂ X converges weakly to an element x ∈ X.

(b) (8 pts) Show that a weakly convergent sequence is bounded.

(c) (8 pts) If xn ⇀ x, then a sequence of linear combinations of xn converges strongly to x.

2. Let H be a Hilbert space and {ϕn : n ∈ N} be an orthonormal system of H. Let T be a bounded linear
operator on H.

(a) (5 pts) Show that Tϕn ⇀ 0 weakly.

(b) (5 pts) If T is compact, show that limn→∞ ||Tϕn|| = 0.

(c) (10 pts) Let λn be a sequence of complex numbers. Show that the operator S defined by Sf =∑∞
n=1 λn ⟨f, ϕn⟩ϕn is compact if and only if limn→∞ λn = 0.

3. (a) (4 pts) State the definition of Fréchet derivative.

(b) (6 pts) Define f : C[0, 1] → C[0, 1] by (f(x))(t) =
∫ 1

0
g(t, x(s))ds, where g is a function of two

variables whose second partial derivatives with respect to the second argument is continuous.
Compute the Fréchet derivative of f .

(c) (10 pts) If the bounded linear map A satisfies the weaker condition

lim
λ→0

1

λ
||f(x+ λh)− f(x)− λAh|| = 0

for every h ∈ X, then f is said to be Gâteaux differentiable at x with A being the Gâteaux
derivative at x. Prove that if f is Fréchet differentiable at x, then it is Gâteaux differentiable at
x and the two derivatives are equal.

4. Let f be a locally integrable function on R.

(a) (5 pts) Interpret f as a distribution on R.

(b) (5 pts) Define δ as a distribution.

(c) (10 pts) Find a distribution T on R such that ∂2T + T = δ.

5. (20 pts) Given that a closed and bounded set K in l2 is compact if and only if

lim
n→∞

sup
x∈K

∑
i≥n

|x(i)|2 = 0.

Prove that K = {x ∈ l2, |x(i)| ≤ 1
i } is compact.

1


