Real Analysis Preliminary Exam
January 2025

Instructions and Notation

e Justify all your steps, clearly identifying all results you are using. Do not invoke a result that is

essentially equivalent to what you are asked to prove.

e The Lebesgue o-algebra on R and the Lebesgue measure on R are denoted by £ and m, respectively.

Problems

1.

(10 points) Let (€2, F) be a measurable space and let f be a real-valued measurable function. For M > 0,
let Ay = {x € Q:|f(x)] < M}. Prove that there exists a sequence of simple functions (¢, L eN)
with the property that for every M > 0 there exists N € N so that sup,¢4,, [¢n(z) — f(2)| < 57 for all
n>N.

(10 points) Let (€2, F, ) be a measure space, and (f, : n € N) and f measurable functions satisfying
lim,, o0 fr = f in p-measure and

limsup/lfnlduﬁ /Ifldu= L.

n—oo

Prove

hm /|fnf |du = 0.

(10 points) Let (2, F, 1) be a o-finite measure space and let f :  — [0, co] be an nonnegative integrable
function. For = > 0, let h(x) = pu({f = x}). Prove that h is continuous and equal to zero, possibly
except on a countable (this includes empty and finite) set.

. (10 points) Let (2, F,u) be a finite measure space. Suppose that f : © — [0,00) is a measurable

function, and that ¢ : [0,00) — R an absolutely continuous function with ¢’ > 0, m-a.e. Prove

(a). The set
B={(w,s) e AxR: f(w) < s}

is measurable in the product o-algebra F x L.
(b).
[ettrn=eou@+ [ uit =9 (s)im(s)

[0,00)
(10 points) Let f be a Lebesgue integrable function on R and let h(y) = [ |f(z—y) — f(x)|dm(z). Prove
lim h(y) = 2/ | f|dm.
Yy—00
(10 points) Let (Q, F, ) be a measure space. Suppose that n > 2 and pq,ps,...p, are positive reals

satisfying p% +-+ p% =1and f; € LPi(u) for j =1,...,n. Prove that H?Zl f; € L'(u) and
ITT £tk < TL I,
j=1 j=1

(10 points) Let g : R — R be a Lebesgue integrable function, and G be the o-algebra generated by g,
that is the intersection of all o-algebras containing the sets L, = {z € R: g(x) < y} where y ranges over
R. Show that for any Lebesgue integrable f there exists a G- measurable function Hy such that

/fdm:/Hfdm, for all A € G.
A A
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